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Abstract
AnonautonomousN-species discrete Lotka–Volterra competitive system of difference equationswith delays and feedback controls
is considered. New sufﬁcient conditions are obtained for the permanence of this discrete system. The results indicate that one can
choose suitable controls to make the species coexistence in the long run.Moreover, we give some examples to illustrate the feasibility
of our result which can be well suited for computational purposes.
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1. Introduction
Traditional Lotka–Volterra competitive systems have been extensively studied by many authors [1,2,9,11,17,26].
The autonomous model can be expressed as follows:
u′i (t) = biui(t)
⎡
⎣1 − N∑
j=1
aijuj (t)
⎤
⎦ , i = 1, . . . , N , (1.1)
where bi > 0, aii > 0, aij 0 (i = j), ui(t) denoting the density of the ith species at time t. Kaykobad [11] and
Gopalsamy [9] showed that if the inequality
ai1
a11
+ ai2
a22
+ · · · + aiN
aNN
< 2
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holds, then system (1.1) has a global attractor X∗ ∈ RN for all i ∈ IN := {1, 2, . . . , N}. In [26], Zeeman gave a
sufﬁcient condition for the survival of only one species. On the contrary, Ahmad and Lazer [2] obtained a criterion for
the extinction of only one species for the system (1.1).
In [1], Ahmad considered the traditional two species nonautonomous Lotka–Volterra competitive system
u′1(t) = u1(t)[a1(t) − b11(t)u1(t) − b12(t)u2(t)],
u′2(t) = u2(t)[a2(t) − b21(t)u1(t) − b22(t)u2(t)], (1.2)
where the coefﬁcients ak(t) and bkj (t) (1k, j2) are continuous and bounded on R. For convenience, in this paper,
we use the following notations for any bounded function g deﬁned on R: g= supt∈R g(t), g= inf t∈R g(t). They showed
that if the inequalities
a1b22 >b12a2, a1b21 >b11a2
hold, then u2(t) → 0 as t → ∞, that is, there cannot be coexistence of the two species. One of them will be driven to
extinction while the other will stabilize at a certain solution of the corresponding logistic equation.
Oca and Zeeman [17] investigated the general nonautonomous N-species Lotka–Volterra competitive system
u′i (t) = ui(t)
⎡
⎣bi(t) − N∑
j=1
cij (t)uj (t)
⎤
⎦ , cij 0, i = 1, . . . , N , (1.3)
and obtained that if the coefﬁcients are continuous and bounded above and below by positive constants, and if for each
i = 2, . . . , N , there exists an integer ki < i such that
bi
cij
<
bki
ckij
, j = 1, . . . , i,
then ui(t) → 0 exponentially for 2 iN , and ui(t) → X∗, where X∗ is a certain solution of a logistic equation.
Teng [20] and Ahmad [3] also studied the coexistence on a nonautonomous Lotka–Volterra competitive system. They
obtained the necessary or sufﬁcient conditions for the permanence and the extinction.
On the other hand, ecosystem in the real world are continuously disturbed by unpredictable forces which can result
in changes in the biological parameters such as survival rates. Of practical interest in ecology is the question of whether
or not an ecosystem can withstand those unpredictable disturbances which persist for a ﬁnite period of time. In the
language of control variables, we call the disturbance functions as control variables. So it is necessary to study models
with control variables which are so-called disturbance functions, and to ﬁnd some suitable conditions to prevent a
particular species from dying out.
In recent years, great attention has been paid to the dynamic behaviors for the single species or multi-species compet-
itive system of differential equations with feedback control, and many excellent results are obtained [4–6,8,13,14,19,
22,23]. But, it should bementioned here that during the last decade,many scholars had also doneworks on the ecosystem
of population models governed by difference equations, see [7,10,12,15,18,21,24,25] and the references cited therein.
However, to the best of the authors knowledge, to this day, still less scholars consider the general nonautonomous
Lotka–Volterra competitive discrete system of difference equations with feedback controls. Recently, Li and Zhu [16]
applied the continuation theorem of coincidence degree theory to study the existence of positive periodic solutions for
the following difference equation with feedback control:
x(n + 1) = x(n) exp
{
r(n)
[
1 − x(n − m)
k(n)
− c(n)(n)
]}
,
(n) = −a(n)(n) + b(n)x(n − m). (1.4)
While the coefﬁcients r(n), k(n), a(n), b(n) and c(n) are constants, Tang and Zou [19] investigated global asymptotic
stability of the positive equilibrium of differential system analogue of system (1.4), and obtained a 32 stability result
which is well known.
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Motivated by the above question, we consider the following general nonautonomous discrete Lotka–Volterra
competitive system with delays and feedback controls:
xi(n + 1) = xi(n) exp
⎧⎨
⎩bi(n) −
N∑
j=1
aij (n)xj (n − ij ) − di(n)ui(n)
⎫⎬
⎭ ,
ui(n) = ri(n) − ei(n)ui(n) + ci(n)xi(n − i ), i = 1, 2, . . . , N ,
xi() = i ()0,  ∈ N[−, 0] := {−,− + 1, . . . ,−1, 0}, (1.5)
where xi(n) (i = 1, 2, . . . , N) is the density of competitive species; ui(n) is the control variable; ei(n) : Z → (0, 1);
bounded sequences ri(n), ci(n), bi(n), aij (n) and di(n) : Z → R+; ij and i are positive integer; Z, R+ denote
the sets of all integers and all positive real numbers, respectively;  is the ﬁrst-order forward difference operator
ui(n) = ui(n + 1) − ui(n); = max{max1 i,jN ij , max1 iNi}> 0. We easily prove xi(n)> 0, ui(n)> 0 for
all i = 1, . . . , N . More details about biological background for (1.5) can be found in [5–7]. By using a discrete version
of the second Lyapunov method, the global attracticity of system (1.5) have been considered in [16]. In this paper, we
will establish sufﬁcient conditions for the permanence of system (1.5).
We say that system (1.5) is permanence if there are positive constantsMk andLk (k=1, 2) such that for each positive
solution {x1(n), . . . , xN(n), u1(n), . . . , uN(n)} of system (1.5) satisﬁes
0<L1 lim
n→∞ inf xi(n) limn→∞ sup xi(n)M1,
0<L2 lim
n→∞ inf ui(n) limn→∞ sup ui(n)M2,
for all i = 1, 2, . . . , N.
This paper is organized as follows. In Section 2, by choosing suitable controls, we establish sufﬁcient conditions on
permanence for system (1.5). Then, in Section 3, the main result is applied to a discrete time analogue of a differential
system studied by [23]. Finally, we give some suitable examples to illustrate our results.
2. Main result
In this section, we will establish a permanence result for system (1.5). Firstly, we need some preparations.
Lemma 2.1 (Yang [25]). Assume that {x(n)} satisﬁes x(n)> 0 and
x(n + 1)x(n) exp{r(n)(1 − ax(n))}
for n ∈ [n1,∞), where a is a positive constant. Then
lim sup
n→∞
x(n) 1
ar
exp(r − 1).
Lemma 2.2 (Yang [25]). Assume that {x(n)} satisﬁes
x(n + 1)x(n) exp{r(n)(1 − ax(n))}, nN0,
lim supn→∞x(n)K and x(N0)> 0, where a is a constant such that aK > 1 and N0 ∈ N. Then
lim
n→∞ inf x(n)
1
a
exp{r(1 − aK)}.
Before proceeding, we make a convention that
∏n
i=mF(i) = 1 if m>n.
The main result, (2.5), will follow directly from the following two propositions.
Proposition 2.3. Let x(n)=(x1(n), x2(n), . . . , xN(n), u1(n), . . . , uN(n)) denote any positive solution of system (1.5).
Then there exist positive constants Mi , Wi (i = 1, 2, . . . , N) such that
lim sup
n→∞
xi(n)Mi, lim sup
n→∞
ui(n)Wi, i = 1, 2, . . . , N ,
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where
Mi = exp(bi − 1)
aii exp(−biii )
, Wi = ri + ciMi
ei
(i = 1, 2, . . . , N).
Proof. Firstly, we prove lim supn→∞xi(n)Mi . From the ﬁrst equation of (1.5), we have
xi(n + 1)xi(n) exp(bi(n)).
It follows that
n−1∏
s=n−ii
xi(s + 1)
n−1∏
s=n−ii
xi(s) exp {bi(s)},
that is
xi(n)xi(n − ii ) exp
{
n−1∑
s=n−ii
bi(s)
}
.
In other words,
xi(n − ii )xi(n) exp
{
−
n−1∑
s=n−ii
bi(s)
}
,
and hence
xi(n + 1)xi(n) exp{bi(n) − aii(n)xi(n − ii )}
xi(n) exp
{
bi(n) −
(
aii(n) exp
{
−
n−1∑
s=n−ii
bi(s)
})
xi(n)
}
xi(n) exp
{
bi(n)
(
1 − aii exp(−biii )
bi
xi(n)
)}
.
It follows from Lemma 2.1 that
lim sup
n→∞
xi(n)Mi .
Next, we prove that lim supn→∞ui(n)Wi . Taking > 0 enough small, there exists a n0 ∈ N, such that xi(n)Mi +,
for nn0. Hence, from the second equation of (1.5), we have
ui(n + 1) = ri(n) + (1 − ei(n))ui(n) + ci(n)xi(n − i )
ri(n) + ci(n)(Mi + ) + (1 − ei(n))ui(n)
ri + ci(Mi + ) + (1 − ei)ui(n),
and hence
ui(n)(1 − ei)nui(0) +
1 − (1 − ei)n
ei
(ri + ci(Mi + )).
Thus, we obtain
lim sup
n→∞
ui(n)Wi .
The proof is complete. 
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Let Mi and Wi be the positive constants deﬁned in Proposition (2.3). For convenience, we introduce
i =
aii exp{ii (∑Nj=1aijMj + Widi − bi)}
bi −
∑N
i =j aijMj − diWi
,
mi = 1
i
exp
⎧⎨
⎩
⎛
⎝bi − N∑
i =j
aijMj − diWi
⎞
⎠ (1 − Mii )
⎫⎬
⎭ ,
wi = ri + cimi
ei
, i = 1, 2, . . . , N .
Now, we make the following assumption. (H) min1 iNMii > 1.
Proposition 2.4. For any solution x(n) = (x1(n), x2(n), . . . , xN(n), u1(n), . . . , uN(n)) of system (1.5), suppose
assumption (H) holds, then,
lim inf
n→∞ xi(n)mi, lim infn→∞ ui(n)wi, i = 1, 2, . . . , N .
Proof. We ﬁrst prove lim infn→∞x1(n)mi . For any > 0, according to Proposition (2.3), there exists a k0 ∈ N such
that xi(n)Mi + , ui(n)Wi +  for all nk0. Thus, from the ﬁrst equation of system (1.5), for enough large n,
one has
xi(n + 1)xi(n) exp
⎧⎨
⎩bi(n) −
N∑
j=1
aij (n)(Mj + ) − di(n)(Wi + )
⎫⎬
⎭ .
Then, for nii
n−1∏
s=n−ii
xi(s + 1)
n−1∏
s=n−ii
⎛
⎝xi(s) exp
⎧⎨
⎩bi(s) −
N∑
j=1
aij (s)(Mj + ) − di(s)(Wi + )
⎫⎬
⎭
⎞
⎠ ,
or, equivalently,
xi(n − ii )xi(n) exp
⎧⎨
⎩
n−1∑
s=n−ii
⎛
⎝ N∑
j=1
aij (s)(Mj + ) + di(s)(Wi + ε) − bi(s)
⎞
⎠
⎫⎬
⎭ .
This, combined with the ﬁrst equation of system (1.5), gives us
xi(n + 1)xi(n) exp
⎧⎨
⎩
⎛
⎝bi(n) − N∑
i =j
aij (n)(Mj + ) − di(n)(Wi + )
⎞
⎠
− aii(n) exp
⎛
⎝ n−1∑
s=n−ii
⎛
⎝ N∑
j=1
aij (s)(Mj + ) + di(s)(Wi + ) − bi(s)
⎞
⎠
⎞
⎠ xi(n)
⎫⎬
⎭ ,
xi(n) exp
⎧⎨
⎩
⎛
⎝bi(n) − N∑
i =j
aij (n)(Mj + ) − di(n)(Wi + )
⎞
⎠ (1 − ixi(n))
⎫⎬
⎭ .
Applying Lemma (2.2), we get
lim inf
n→∞ xi(n)mi .
Second, we prove lim infn→∞ui(n)wi . For enough small > 0, from the second equation of system (1.5), we have
ui(n + 1) = (1 − ei(n))ui(n) + ri(n) + ci(n)xi(n − i )ri + ci(mi − ) + (1 − ei)ui(n),
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for sufﬁcient large n. Hence
ui(n)(1 − ei)nui(0) + 1 − (1 − ei)
n
ei
(ri + ci(mi − )).
Thus, we obtain
lim inf
n→∞ ui(n)wi .
The proof is complete. 
Combining Propositions 2.3 and 2.4, we have proved the main result of this paper, which is stated below.
Theorem 2.5. Assume that (H) holds. Then system (1.5) is permanent.
3. Applications
The objective of this section is to apply Theorem 2.5 to the following two-species competitive discrete system with
feedback controls:
x1(n + 1) = x1(n) exp{b1(n) − a11(n)x1(n) − a12(n)x2(n) − d1(n)u1(n)},
x2(n + 1) = x2(n) exp{b2(n) − a21(n)x1(n) − a22(n)x2(n) − d2(n)u2(n)},
u1(n) = −e1(n)u1(n) + c1(n)x1(n),
u2(n) = r(n) − e2(n)u2(n) + c2(n)x2(n), (3.1)
where {r(n)}, {bi(n)}, {aij (n)}, {ci(n)}, {ei(n)} and {di(n)} are bounded nonnegative sequences.
Recently, Xiao et al. [23] have proposed the following two-species competitive system with feedback controls:
x′1(t) = x1(t)[b1(t) − a11(t)x1(t) − a12(t)x2(t) − d1(t)u1(t)],
x′2(t) = x2(t)[b2(t) − a21(t)x1(t) − a22(t)x2(t) − d2(t)u2(t)],
u′1(t) = −e1(t)u1(t) + c1(t)x1(t),
u′2(t) = r(t) − e2(t)u2(t) + c2(t)x2(t). (3.2)
They have shown that system (3.2) could be permanence by choosing suitable controls, that is, one could save the
extinction of the species.
System (3.1) can be regarded as a discrete time analogue of the model (3.2). Now, we consider the permanence of
system (3.1). For convenience, we denote
M ′1 =
exp(b1 − 1)
a11
, M ′2 =
exp(b2 − 1)
a22
,
W ′1 =
c1 exp(b1 − 1)
e1a11
, W ′2 =
ra22 + c2 exp(b2 − 1)
e2a22
,
′1 =
a11
b1 − a12M ′2 − d1W ′1
, ′2 =
a22
b2 − a21M ′1 − d2W ′2
,
m′1 =
1
′1
exp{(b1 − M ′2a12 − d1W ′1)(1 − M ′1′1)},
m′2 =
1
′2
exp{(b2 − M ′1a21 − d2W ′2)(1 − M ′2′2)},
w′1 =
c1m
′
1
e1
, w′2 =
r + c2m′2
e2
.
By Theorem 2.5, we can obtain:
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Fig. 1. x(0) = 0.3, u(0) = 0.8.
Theorem 3.1. Let (x1(n), x2(n), u1(n), u2(n)) denote any positive solution of system (3.1). Assume that
min
1 i2
M ′i′i > 1
holds. Then
0<m′i lim infn→∞ xi(n) lim supn→∞
xi(n)M ′i <∞,
0<w′i lim infn→∞ ui(n) lim supn→∞
ui(n)W ′i <∞,
for i = 1, 2, that is, system (3.1) is permanent.
Finally, we give some suitable examples with numerical simulations to illustrate the derived theoretical results.
Example 1. We ﬁrstly consider the following single-species system:
x(n + 1) = x(n) exp{1 − 2x(n) − 13100 (2 + sin n)u(n)]},
u(n) = −0.9u(n) + (2 + cos n)x(n). (3.3)
By simple calculation, we can obtain M = 12 , m = 740 exp(− 3921 ),  = 407 , W = 53 , w = 736 exp(− 3921 ). The condition
M> 1 is satisﬁed. Therefore, we see that system (3.3) is permanent. See Fig. 1.
Example 2. We consider the following two-species competitive system with feedback controls:
x1(n + 1) = x1(n) exp{4 + sin n − 4x1(n) − 120x2(n) − 140 (1 + sin n)u1(n)},
x2(n + 1) = x2(n) exp{4 + cos n − 120x1(n) − 4x2(n) − 140 (1 + cos n)u2(n)},
u1(n) = −0.9u1(n) + (2 + cos n)x1(n),
u2(n) = 1 − 0.9u2(n) + x2(n). (3.4)
One could easily obtain thatM ′1=M ′2= 14e4,W ′1= 56e4,W ′2=(20+5e4)/18,′1=960/(720−13e4),′2=2880/(2120−
19e4). The condition min1 i2M ′i
′
i > 1 is satisﬁed. Hence, by Theorem 3.1, we see that system (3.4) is permanent.
Following we give a simulation to illustrate our result. See Fig. 2.
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Fig. 2. x1(0) = 0.9, x2(0) = 0.8, u1(0) = 1.5, u2(0) = 1.8.
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Fig. 3. x1(0) = 6, x2(0) = 4.
Example 3. Consider the following two-species competitive system without feedback controls:
x1(n + 1) = x1(n) exp[1 − 14x1(n) − 120x2(n)],
x2(n + 1) = x2(n) exp[1 − 1200x1(n) − 110x2(n)]. (3.5)
One can verify x1(n) → 0 as n → ∞. Hence, there cannot be coexistence of the two species (see Fig. 3). Following we
get feedback controls for system (3.5), consider the following two-species competitive system with feedback controls:
x1(n + 1) = x1(n) exp[1 − 14x1(n) − 120x2(n) − 1500 (1 + sin n)u1(n)],
x2(n + 1) = x2(n) exp[1 − 1200x1(n) − 110x2(n) − 1500 (1 + cos n)u2(n)],
u1(n) = − 12u1(n) + (2 + cos n)x1(n),
u2(n) = 1 − 110u2(n) + x2(n). (3.6)
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Fig. 4. x1(0) = 6, x2(0) = 4, u1(0) = 3,u2(0) = 2.
One could easily get that M ′1 =4, M ′2 =10, W ′1 =24, W ′2 =110, ′1 = 175238 , ′2 = 527 . The condition min1 i2M ′i′i > 1
is satisﬁed. Hence, by Theorem 3.1, we see that system (3.6) is permanent. In other words, one can choose suitable
controls to make the species coexistence in the long run. See Fig. 4.
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